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Abstract. Using non-archimedean g- integrals on Zp defined in [15, 16], we define a 
new Cliangfiee g-Euler polynomials and numbers which are different from those of Kim [7] 
and Carlitz [2] . We define generating functions of multiple g-Euler numbers and polynomi- 
als. Furthermore we construct multivariate Hurwitz type zeta function which interpolates 
the multivariate g-Euler numbers or polynomials at negative integers. 

1. Introduction 

Let p be a fixed odd prime in this paper. Throughout this paper, the symbols 
Z, Zp, Qp, C and Cp, denote the ring of rational integers, the ring of p-adic inte- 
gers, the field of p-adic numbers, the complex number field, and the completion of 
the algebraic closure of Qp, respectively. Let Vp{p) be the normalized exponential 
valuation of Cp with \p\p — — p~^. When one speaks of g-extension, q can 

be regarded as an indeterminate, a complex number q G C, or a p-adic number 
q G Cp; it is always clear from the context. If g G C, then one usually assumes 
that l^l < 1. If g G Cp, then one usually assumes that |q — Ijp < p^p^ , and hence 
q^ = exp{xlogq) for x G Zp. In this paper, we use the below notation 



(a : q)n - (1 - a)(l - a?) • • ■ (1 - a?""^), cf . [3, 4, 5, 6, 7, 8] 



1-q 

Note that limg^i[a::]q — x for any x with \x\p < 1 in the p-adic case. For a fixed 
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positive integer d with {p, d) = 1, set 

X = Xd = \imZ/dp'^, 



N 

Xi=Zp, X* = [j a + dpZp, 

0<a<dp 
(a,p) = l 

a + dp^Zp = {xGX\x = a (mod p^)}, 

where a G Z satisfies the condition < a < dp^, (cf. [10,11]). We say that / is a 
uniformly difFerentiable function at a point a G Zp, and write / S UD{'Lp), if the 
difference quotients Ff{x,y) = ^'^^]r_lj'^^ have a hmit f'{a) as {x,y) {a, a). For 
/ G UD{Zp), let us begin with the expression 

At- E «'/(J')= E fUM+P^'^p)^ cf. [4,5,6,8], 

^ 0<j<p'' 0<j<p^ 

which represents a (j- analogue of Riemann sums for /. The integral of / on Zp 
is defined as the limit of those sums(as n oo) if this limit exists. The p-adic 
q- integral of a function / e UD{Zp) is defined by 



I, 



if) = / f{s)dHq{x) = / f{x)diiq{x) = lim — ^ f{x)q'. 



Recently, many mathematicians studied Bernoulli and Euler numbers (sec [1-24]). 
Using non-archimedean g-integrals on Zp defined in [15, 16], we define a new 
Changhee g-Euler polynomials and numbers which are different from those of Kim 
[7] and Carlitz [2]. We define generating functions of multiple g-Euler numbers 
and polynomials. Furthermore we construct multivariate Hurwitz type zeta func- 
tion which interpolates the multivariate g-Euler numbers or polynomials at negative 
integers. 

2. Multivariate (/-Euler numbers and polynomials 

Using p-adic g-integrals on Zp, we now define a new q'-Euler polynomials as 
follows: 



qy{x + yrdfi-i{y) = Er^,gix). 



Note that limq^i ^^^^^(x) = En{x), where En{x) are Euler polynomial which are 
defined by jq:j-e=^* = X],^o -^"(^)S- ^^"^ a; = 0, En^q = En,q{Q) are 
called a new g-Euler numbers. And note that lim^^i = where E^ are 
classical Euler numbers. Let ai, 02, • • • , flr, &2, • • • , &r be positive integers. Then 
we consider a multivariate integral as follows 

/ q^'''' + -+^^''^{aiXi + --- + arXrTdlJL-x{xi)---dlJL-x{Xr) 

= En,q^''\x\ai,a2,- ■ ■ ,ar ; bi,b2,- ■ ■ ,br)- (1) 
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Here En,q^^'{x\ai,a2, ■ • • , ; 61, 62, • " ' i W) are called multivariate g-Euler polyno- 
mial of order r. 

In the case a; ~ in (1). En.qiO\ai, a2, ■ ■ ■ ,a,r \ fei, 62, • ' ' ■, br) = En^q{ai,a2, ■ ■ ■ ,ar 
; 61, 62, • • • , br) will be called multivariate g-Euler numbers of order r. 

From (1), we derive the following generating function for multivariate q'-Euler 
polynomials 

FW(f,a;|ai,a2,--- ,ar ; '>i,&2,--- ,&r) 
= '^En,q^'^\x\ai,a2, - ■ ■ ,ar ; bi,b2,--- ,br) — 
= f e"^* (2) 

Note that E'c^'^^a^lai, 012, • • • ,a-r ; &i,?'2,-- - ,&r) = 7^^ — f:^^ f:^^ — ■ 



Let X be the Dirichlet character with conductor /(=odd)e N. Then we define 
the multivariate generalized g-Euler numbers attached to x as follows: 



/ ••• / x{xi)---x{xr)q^'''^^'''''''^''^{aixi + --- + arXrydii-i{xi)---dti-i{xr) 
Jx Jx 

— En,x,q{^'^i" ' ■'^r bi,- ■ ■ ,br). (3) 



From (3), wc> can derive generating function for the multivariate generalized g'-Euler 
numbers attached to X) 



^v!2(*l«i>--- ,ar \ bi,--- ,br) 



En,x,q{C'l^ • • • 1 Or ; ^'li ' ' ' i br) — 

n=0 
/-I 

E 



2'"^ — \-nrqbini-\ |-6rnrg(ai"iH |-Or"r)t^^j2l] 



•X(«r 



(^qfbigfait + 1) . . . (gr/brg/art -|- 1) 



-,(4) 



where n is odd. 



Let n be odd positive integer. Form the definition of £'„,;^,g*^'^-^(ai, •• • ,0^; , 6r) 
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in (3), we have the following; 

En,x,q^^H(^ir ■ ■ jflr ; h,--- ,br) 

= lim V ;t(ni)-..xK)(-l)"i+-+"'-(z''^"^+-+'''-"'-(aiXi + --- + a,x,)" 

N—*-oo 

/-I p"-i 

ni,"- ,nr=Oxi,-" ,Xr=0 

r 

/-I 

^lirn^ EJ=, f.-. j Ej^io^ ^ ^ ^^^^^.^ 

/-I 

/• /• fy^ ax- \ " 

r— times 

/-I 



En,qf 



di, • ■ ■ ,ar ; bi, - ■ ■ ,br 



f 

Therefore we obtain; 
Theorem 1. Let ai, • • • , o^, 6i, • • • , 6^ be positive integers then we have 

En,x,q^^\C'1-r ■ ■ lO'r ', bi, ■ ■ ■ ,br) 

/-I 

ni,-" ,nr=0 

w/iere /, n are odd positive integers. 

3. Multivariate q-zeta functions in C 
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In this section wc assume g G C with < 1. Let us assume that 
ai, • • ■ ,ar, bi, - ■ ■ ,br are positive integers. 

The purpose of this section is to study multivariate Hurwitz type zeta function 
which interpolates multivariate g-Euler polynomials of order r at negative integers. 
By (2), we easily see that 

F^'^\t,x \ ai,--- ,ar ; bi,--- ,br) 

oo 

= 2'^ ^ (_l)EJ=i"3^EJ=i('3"je(EJ=iaj"j+x)t_ (5) 

ni , ■■■ .rir—O 

By taking derivatives of order k, on both sides of (6) we obtain the following; 

Theorem 2. Let k be positive odd integer and let ai,-- - ,0^, - ,6^ be the 

positive integers. Then we have 

EkJ^'Xx \ai,--- ,ar ; bi,--- ,br) 

oo r 
ni,"- ,nr=0 j=l 

By the above Theorem, we may now construct the complex multivariate g-zeta 
functions as follows: 

Definition 1. For s G C, we define 

Cr{s,x\ai,--- ,ar; bi,--- ,br)= 2^ ^ ^ , • (8) 

„i,...,„,=0 \2^j=i"-o^3^^) 

Thus we note that this function in (8) is analytic continuation in whole complex 
plane. And we see this multivariate g-zeta function interpolates g-Euler polynomials 
at negative integers. 

Theorem 3. Let n be an odd positive integer. Then we have 

Cr{~n,x \ ai, - ■■ ,ar ; 61, ■ • • ,5^) = EnJ^'Hx | ai, • • • ,0^ ; 61, • ' • ,br). (9) 

We now give the complex integral representation of (^r{s,x \ ai, • • • , ; 61, • ' • ,br). 
Using (6), we have the following, 

-1- (f F^'^^-t^x I ai,--- ,ar ; b^, ■ ■ ■ ,br)t'-^dt 
00 ^ „ 

= 2'^ V (-l)i:?=i".> g ^ i e-yy'-^dy 

= Cr{s,x \ ai,- ■ ■ ,ar ; bi,- ■ ■ ,br). (10) 
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On the other hand 



r(s) /c 

V"^ T,m Em,q^''\x | ai,--- ,ar ; h,--- ,br) 1 f ^+s-l^j, 

ml T{s)r ^ ^ 



Thus by (10) and (11), we have the following: 



Cr{s,X I fli, • • • , ar ; 61, • • • , 6r) 

I tin,--- .Qr ; , &r) 1 f rn+s-lj. 



Thus we have 

Cr{-n,x I ai,-- - ,0^ ; - ,6r-) = -^i'^Ha; I ai,-- - ; - ,^r)- (12) 

To construct the multivariate Dirichlet L-function we investigate the generating 
function of generalized multivariate g-Euler numbers attached to x, which is derived 
in (4). 

(-i)E-^. q.n.t Ji^^^^ ^(^ .) 

/-I r- 

= 2'- ^ (-l)^J=i"^g^?=i''-'"^ JJx(%-) 

00 

^_l)EJ=i nj^J2^-^^ f^3^0QTTj=i fajxjt 

Xl,--- ,Xr—0 

00 /-I 

Xl,-" ,a;r=0 ni,"- ,nr=0 



= 2"^ ^ (-1)^^=1 "^■g^?=i ''^•"i JJx(%)e*^^"=i"^"^'. 
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Thus we can write, 

-^x,9^''^(* \ ai,--- ,ar ; h,--- ,br) 

OO r 
ni ,nr — l J = l 

(since x(0) = 0, we can start at ni = 1, n2 = 1, • • • , n^. = 1) 
= ^ i^„,x,g(ai, • • • , Or ; 61, • • • , — . (13) 

n— 1 

From (13), we can derive the following 

00 r 
ni ,-■ ■ ,nr=l J=l 

= Ek,x,q{ai,- ■ ■ ,ar ; h,- ■ ■ ,br). (14) 
Therefore we have the following: 

Definition 2. For s € C, define multivariate Dirichlet L-function as follows: 



Lr{s,x \ ai, - ■ ■ ,ar ; h,--- ,br) 

+nr qbin2-^ 

(aini + h arUr) 



2. (-l)»l+-+»rgbin2 + - + b.n.^(^^) ■ ■ ■ ^(^nr) 



Note that Lr{s,x I Q^ij ■ ' ' i^^r ; • • • 5^r) is also analytic function in whole 
complex plane. By (12), (13), (14) and (15), we see that the g-analogue multivariate 
Dirichlet L-function interpolates multivariate generalized g-Euler numbers attached 
to X at negative integers as follows; 

Theorem 4. Let k be a positive integer. Then we have 

Lr{-k,x \ ai, - ■ ■ ,ar ; 61, • • • ,6r) = Ek,x,q{ai, • • • , ; 61, • ■ • , br). 
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